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Abstract
For a given simple graph an average labelling is de)ned. The graphs with average labellings
and all the admissible average labellings for such graphs are characterized. c© 2001 Elsevier
Science B.V. All rights reserved.
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In this paper a connection between the existence of some labelling of vertices and
the combinatorial structure of a graph is presented. Results of this kind are frequent
and sometimes very useful. All graphs which we are dealing with are supposed to be
undirected, )nite, without loops or multiple edges. The standard terminology is used.
Some type of an average valuation of graphs was applied for characterizing the class
of linear forests in [2]. Now, we are going to de)ne an average labelling by means of
induced subpaths of a graph.
Let G = (VG; EG) be a graph with vertex set VG and EG as the set of edges. An
edge {u; v} will be denoted by uv. Let R denote the set of real numbers.
A mapping f :VG → R is said to be an average labelling of G if for each pair of
adjacent edges v1v2; v2v3 ∈ EG (where v1; v2; v3 are the vertices of G such that v1 = v3):
v1v3 ∈ EG implies f(v2) = f(v1) + f(v3)2 :
Two natural problems arise:
1. Characterize graphs having average labellings.
2. Describe all the average labellings for a given graph.
An average labelling of a graph G will be called non-trivial if G has a connected
component with at least two diAerently labelled vertices. Fig. 1 shows a non-complete
connected graph and its non-trivial average labelling.
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Fig. 1. Non-complete graph with a non-trivial average labelling.
It is easy to see that each valuation of the vertices of a graph is an average labelling
for graphs whose every component is isomorphic with a complete graph (isolated
vertices and isolated edges are included). Therefore in what follows, both the mentioned
problems will be investigated for connected graphs which are not complete and have
at least three vertices. Let us denote by N (u) the set {u}∪ {v ∈ VG: uv ∈ EG} for any
vertex u ∈ VG and by N (W ) =
⋃
v∈W N (v) for W ⊂VG:
Lemma 1. Let G be a connected graph and let f be an average labelling of G. If
there is a vertex u ∈ VG such that f(v)=f(u) for every v ∈ N (u) then f is a constant
labelling of G.
Proof: By the induction method with respect to the distance of vertices from the
vertex u.
By a claw of G we mean an induced subgraph of G which is isomorphic to K1;3:
Lemma 2. Every average labelling of a connected graph containing a claw is
constant.
Proof: Let G be a connected graph and let C be a claw of G with the vertex set
VC = {u; u1; u2; u3} and with the edges uu1; uu2; uu3. Since 2f(u) = f(u1) + f(u2) =
f(u1)+f(u3)=f(u2)+f(u3) we get that f is constant on VC: Now let v ∈ N (u)−VC:
If there exists i ∈ {1; 2; 3} such that vui ∈ EG then (f(v)+f(ui))=2=f(u) and therefore
f(v) = f(u): In the opposite case there are the edges vu1; vu2 in G. Since u1u2 ∈ EG,
it holds that f(v) = (f(u1) + f(u2))=2 = f(u): Now we can apply Lemma 1.
Lemma 3. Let G be a connected acyclic graph and let f be a non-trivial average
labelling of G. Then G is a path.
Proof: It suHces to prove that the degree of each vertex of G does not exceed two.
On the contrary, let u be a vertex of G and let N (u) be at least a four element
set. Then there exist pairwise diAerent vertices v; x; y belonging to N (u) − {u}:
Since G is acyclic the set {u; v; x; y} induces a claw in G; a contradiction with the
Lemma 2.
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According to Lemmas 2 and 3, the claw-free connected graphs containing a cycle
which are not complete are the objects of the following investigations. Many interesting
properties of claw-free graphs are presented in [1].
Lemma 4. Let G be a connected graph with an induced cycle of length of at least
four. Then each average labelling of G is constant.
Proof: Let f be an average labelling of G; n be an integer, n¿4 and let Cn be an
induced cycle of G with vertex set {u1; u2; : : : ; un} and with edges u1u2; u2u3; : : : ; un−1un;
unu1. Without loss of generality, let f(un)6f(u1): Since f(u2)=2f(u1)−f(un), it is
f(u1)6f(u2); in a similar way f(u2)6f(u3) and so on, and therefore f(u1)6f(un):
Hence, we obtain f is constant on Cn: Let us consider now a neighborhood of a vertex
belonging to a cycle Cn: For instance let v ∈ N (u2) − {u1; u2; u3} (if it exists); either
vu1; vu3 are both edges of G or there exists i ∈ {1; 3} such that vui ∈ EG: In the )rst
case f(v) = (f(u1) +f(u3))=2, in the second case we have f(u2) = (f(v) +f(ui))=2.
Since f is constant on Cn, f is constant on N (u2) and Lemma 1 yields that f is
constant on G.
By a maximal clique of a graph G, we understand a maximal complete subgraph
of G.
Lemma 5. Let G be a connected graph; let C be a maximal clique of G and let f be
an average labelling of G which is constant on C. Then f is constant on G.
Proof: It suHces to prove that f is constant on N (u) for a vertex u ∈ VC and applies
to Lemma 1. But if u is a vertex of C and C is a maximal clique of G, then for
v ∈ N (u) either v ∈ VC (and thus f(v) = f(u)) or v ∈ VC . In the second case the
maximality of the clique C implies that there exists w ∈ VC such that vw ∈ EG. Hence
f(u) = (f(v) + f(w))=2 and again f(v) = f(u).
Lemma 6. Let G be a non-complete connected graph; C a maximal clique of G and
let f be an average labelling of G. Then f has at most two di;erent values on VC .
Proof: Since G is connected and non-complete, there is an edge av ∈ EG such that
a ∈ VC and v ∈ VC: But C is a maximal clique; therefore, v is not adjacent to at least
one vertex of C: Let b ∈ VC be such that bv ∈ EG. Let u ∈ VC and u = a; u = b. If
uv ∈ EG then f(u)=(f(b)+f(v))=2=f(a). If uv ∈ EG then f(a)=(f(u)+f(v))=2=
(f(b) + f(v))=2 and f(u) = f(b): We obtain {f(x): x ∈ VC}= {f(a); f(b)}.
Let us consider u;W; f such that u ∈ VG, W ⊂VG and f be a mapping from VG to R:
Denote by f(W; u) the set {v ∈ W : f(v) = f(u)}.
Lemma 7. Let f be an average labelling of a non-complete connected graph G and
let C be a maximal clique of G. Let a; b ∈ VC such that f(a) = f(b) and VC =
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f(VC; a) ∪ f(VC; b). Then the following assertions holds:
(i) If v ∈ N (f(VC; a))− VC then N (v) ∩ VC = f(VC; a) and f(v) = f(a).
(ii) If u; v ∈ N (f(VC; a))− VC and u = v then uv ∈ EG.
(iii) If u ∈ N (f(VC; a))− VC and v ∈ N (f(VC; b))− VC then uv ∈ EG.
(iv) N (f(VC; a)) − f(VC; b) is a maximal clique of G or N (f(VC; a)) − f(VC; b)
= f(VC; a).
Proof: (i) Since C is a maximal clique of G and v ∈ VC , there is a vertex w ∈ VC
such that vw ∈ EG: By the assumption of (i) the vertex v is adjacent with a vertex a∗ ∈
f(VC; a): If b∗ ∈ N (v)∩f(VC; b) then f(a)=f(a∗)=(f(v)+f(w))=2=f(b∗)=f(b);
a contradiction. Thus, N (v) ∩ f(VC; b) = ∅ and bv ∈ EG: Hence N (v) ∩ VC = N (v) ∩
f(VC; a)⊆f(VC; a). The opposite inclusion: Let a∗∗ ∈ f(VC; a). If a∗∗ ∈ N (v), then
(f(b)+f(v))=2=f(a∗)=(f(a∗∗)+f(v))=2 and f(b)=f(a∗∗)=f(a); a contradiction.
Therefore a∗∗ ∈ N (v)∩VC: There is f(v) = f(a); otherwise f(b)=2f(a)−f(v)=f(a).
(ii) There exist vertices a∗; a∗∗ ∈ f(VC; a) such that ua∗; va∗∗ ∈ EG: By (i) va∗ ∈ EG
and ub; vb ∈ EG. If uv ∈ EG then there is the claw of G induced by the vertices
a∗; u; v; b which contradicts to Lemma 2.
(iii) By the way of a contradiction, let u ∈ N (f(VC; a))− VC; v ∈ N (f(VC; b))− VC
and uv ∈ EG. Then there exist a∗; b∗ ∈ VC such that f(a∗) = f(a); f(b∗) = f(b) and
ua∗; vb∗ ∈ EG. Since f(a∗) = f(b∗) we have that a∗ = b∗ and therefore it implies
a∗b∗ ∈ EG. By (i), ub∗; va∗ ∈ EG: Thus, the vertices a∗; b∗; v; u induce a cycle and by
Lemma 4, f is constant on G, a contradiction.
(iv) If N (f(VC; a)) − VC = ∅ then N (f(VC; a)) − f(VC; b) = f(VC; a). In other case,
by (ii) we have N (f(VC; a)) − f(VC; b) is a clique of G: The assertion (iii) implies
the maximality of this clique.
Before we shall establish the main results let us recall that Kn denotes a complete
graph with n vertices.
Let P = (VP; EP) be a path with VP = {v1; v2; : : : ; vn} and with the edge set EP =
{v1v2; v2v3; : : : ; vn−1vn}. Let (G1; G2; : : : ; Gn) be an ordered n-tuple of graphs. A graph
L = (VL; EL) is said to be a lexicographic extension of P by (G1; G2; : : : ; Gn) and it
is denoted by L = G1 ⊗ G2 ⊗ · · · ⊗ Gn if VL =
⋃n
i=1{(vi; w): w ∈ VGi} and for i; j ∈
{1; 2; : : : ; n} there is (vi; x)(vj; y) ∈ EL whenever |i − j|= 1 or if i = j and xy ∈ EGi .
Fig. 2 shows a lexicographic extension of a path with three vertices by an ordered
triple of complete graphs (K1; K3; K2).
Theorem 1. Let G be a non-complete connected graph. Then a non-trivial average la-
belling of G exists if and only if there exist positive integers n; m1; m2; : : : ; mn; (n¿2);
such that G is isomorphic with Km1 ⊗ Km2 ⊗ · · · ⊗ Kmn .
Proof: Let f be a non-trivial average labelling of G. If M is a maximal clique of G
then by Lemmas 5 and 6 there is a decomposition of the vertex set of M into two
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Fig. 2. A lexicographic extension K1 ⊗ K3 ⊗ K2 of a path.
non-empty disjoint parts AM ; BM such that f is constant on each of them. Moreover,
both sets induce a complete subgraph of G. De)ne VP=
⋃
M{AM ; BM} where the union
is taken for all maximal cliques M of G:
First we verify that VP is a decomposition of the vertex set of G into disjoint sets.
For every vertex u of G there is at least one maximal clique containing u and therefore
there is U ∈ VP such that u ∈ U: On the other hand, let U; V ∈ VP with U ∩V = ∅ and
let u ∈ U∩V: From the de)nition of U and V we have f(u)=f(v) whenever v ∈ U∪V .
Suppose without loss of generality that U −V = ∅. Then there is x ∈ U −V and there
exists a set V ′ ∈ VP such that V ∪ V ′ is a maximal clique of G; let us denote V ∪ V ′
by C. Moreover, as for each pair v ∈ V; v′ ∈ V ′ it is f(v′) = f(v) = f(u) = f(x), we
get x ∈ V ′. Because U is complete subgraph of G, it holds x ∈ N (U )⊆N (f(VC; u)).
But x ∈ VC and by Lemma 7 we have f(x) = f(u); a contradiction.
Let P = (VP; EP) be a graph de)ned as follows. For U; V ∈ VP let UV ∈ EP if
U = V and there are u ∈ U; v ∈ V such that uv ∈ EG. It is not diHcult to see that if
UV ∈ EP then U ∪ V is a maximal clique of G. (For U , there is U ′ ∈ VP such that
U ∪U ′ is a maximal clique of G: Then U ′=V or otherwise by (iv) of the Lemma 7,
U ∪ V = N (f(VC; u))− U ′ is a maximal clique of G.)
We show that P = (VP; EP) is a path. It is easy to see that P is a connected simple
graph. If P contains a cycle of the length k then there is an induced cycle in G of
length l¿k: According to Lemma 4, k = 3. Let us denote by V1; V2; V3 the vertices
of this cycle. V1 ∪ V2; V1 ∪ V3 are cliques of G and therefore, each vertex of V1 is
adjacent to each vertex of V2 and V3: But in this case V2 ∪V3 is not a maximal clique
of G (V1 ∪ V2 ∪ V3 is a clique). Thus, the graph P is a tree. Now, it suHces to show
that P does not contain vertices with the degree three or more. Let U; V1; V2; V3 ∈
VP; V1 = V2; V1 = V3; V2 = V3 and UV1; UV2; UV3 ∈ EP . Then there are vertices
u ∈ U; vi ∈ Vi for i ∈ {1; 2; 3} inducing a claw of G; which is a contradiction to
Lemma 2.
Let us denote by U1; U2; : : : ; Un the vertices of the path P in such a way that UiUi+1 ∈
EP for each i ∈ {1; 2; : : : ; n− 1}: Let mi be the cardinality of the corresponding set Ui.
Then G is isomorphic to Km1 ⊗ Km2 ⊗ · · · ⊗ Kmn .
Conversely, let G be a lexicographic extension of a path P with VP={v1; v2; : : : ; vn}
by an n-tuple of complete graphs (Km1 ; Km2 ; : : : ; Kmn). Let (vi; w) be a vertex of G (w
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be a vertex of Kmj). Take f : VG → {1; 2; : : : ; n} de)ned by f(vi; w) = i: Then f is a
non-trivial average labelling of G.
Corollary 1. Let G be a non-complete connected graph and let f be an average
labelling of G. Then the elements of the set {f(v): v ∈ VG} create an interval of an
arithmetical progression.
Corollary 2. Let n; m1; m2; : : : ; mn ∈ N and let {a1; a2; : : : ; an} be an interval of an
arithmetical progression of real numbers. Then there exists a non-complete connected
graph G with an average labelling f such that the set {v ∈ VG: f(v)=ai} has exactly
mi elements for each i ∈ {1; 2; : : : ; n}. Graph G is uniquely determined up to the
isomorphism.
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